Abstract. In [1] the notion of a null-finite set in an Abelian topological group X was introduced in such a way that each Borel null-finite set is Haarmeager as well as Haar-null provided X is complete metrizable. By results from [1] each sublinear function f : X → R (i.e. the function satisfying f (x + y) ≤ f (x) + f (y) and f (nx) = nf (x) for x, y ∈ X, n ∈ N) upper bounded on a non-null-finite (non-Haar-null, non-Haar-meager) set is continuous. Knowing that the boundedness of a subadditive function does not imply its continuity, in the paper we prove that each subadditive function f : X → R (i.e. the function satisfying f (x + y) ≤ f (x) + f (y) for x, y ∈ X) upper bounded on a non-null-finite (non-Haar-null, non-Haar-meager) set is locally bounded at each point of the domain. Our results generalize some results from [9, Chapter XVI] and [3] .
Introduction
Let X be an Abelian topological group. A function f : X → R is called subadditive if f (x + y) ≤ f (x) + f (y) for every x, y ∈ X.
A function f : X → R which is subadditive and satisfies f (nx) = nf (x) for every x ∈ X, n ∈ N is called sublinear.
Subadditive and sublinear functions play a fundamental role in mathematics that is why they were studied by many authors (see e.g. [2] , [3] , [5] , [7] , [9] , [10] , [11] , [15] ). For example, norms, seminorms, the square root function are subadditive. The classical result concerning subadditive functions states that Let us pay attention that the local boundedness of a subadditive function does not imply its continuity. More precisely, there exists a function f : R N → R which is subadditive and bounded on R N , but discontinuous at every point of R N ; it is enough to take the function f : R N → R given by f (x) = 0 for x ∈ Q N and f (x) = b otherwise, where b > 0 is fixed (see [9, Example 16 
has positive inner Lebeasgue measure or is non-meager for some k ∈ N, then f is locally bounded at each point of R N .
In the paper we generalize the above mentioned results (Theorems 1.1, 1.2) using the notion of a null-finite set introduced in [1] . Definition 1.3. In an Abelian topological group X a set A ⊂ X is called nullfinite if there exists a sequence (x n ) n∈N tending to θ in X such that the set {n ∈ N : x + x n ∈ A} is finite for every x ∈ X.
It turned out that Borel null-finite sets are smaller then Haar-null sets as well as Haar-meager sets. More precisely: Haar-null sets were defined by J.P.R. Christensen in [4] . He called a universally measurable 2) subset B in an Abelian complete metric group X Haar-null if there exists a σ-additive probability Borel measure µ on X such that µ(B + x) = 0 for all x ∈ X. Moreover, he proved that in each locally compact Abelian complete metric group the notion of a Haar-null set is equivalent to the notion of a set of Haar measure zero.
U.B. Darji [6] introduced a notion of a Haar-meager set, which is a topological analog to the notion of a Haar-null set. A universally Baire 3) subset B of an Abelian complete metric group X is called Haar-meager if there exists a continuous map f : K → X on a nonempty compact metric space K such that the set f −1 (B + x) is meager in K for every x ∈ X. He also showed that in each locally compact Abelian complete metric group the notion of a Haar-meager set is equivalent to the notion of a meager set. However, in the non-locally compact case, we have only a one-side inclusion; Haar-meager sets have to be meager, but the converse inclusion does not hold.
It turned out that in non-locally compact Abelian complete metric groups there exist sets which are neither Haar-null nor Haar-meager and whose k-fold sums are meager for each k ∈ N; e.g. the positive cone C := {(x n ) n∈N ∈ c 0 : x n ≥ 0 for each n ∈ N} in the space c 0 (of all real sequences tending to zero) is neither Haar-meager nor Haar-null, C = C +k for each k ∈ N and C is nowhere dense in X (see [8] , [12] ). By the Steinhaus-Pettis-Piccard Theorem (see [13] , [14] , [16] or [9, Theorems 2.9.1, 3.7.1]), such situation is not possible in the case of locally compact Abelian Polish groups where the family of Haar-meager sets is equal to the family 1) By a metric group we mean a group with an invariant metric.
2) A set A of a topological group X is called universally measurable if it is measurable with respect to each complete Borel probability measure on X.
3) A set A of a topological group X is called universally Baire if for each continuous function f : K → X mapping a compact metric space K into X f −1 (A + x) has the Baire property for every x ∈ X.
of meager sets as well as the family of Haar-null sets is equal to the family of sets of Haar measure zero. That is why we would like to answer the following question: Problem 1.5. Let f : X → R defined on an Abelian complete metric group be a subadditive function which is upper bounded on a set T ⊂ X such that its k-fold sum T +k is either universally Baire non-Haar-meager or universally measurable non-Haar-null for some k ∈ N. Is f locally bounded at each point of X?
In the paper we give the affirmative answer to this problem. Actually, we prove a more general result; we show that each function f : X → R defined on an Abelian metric group which is subadditive and upper bounded on a non-null-finite set in X has to be locally bounded at each point of X.
Analogous type results for additive functions as well as mid-point convex functions (i.e. functions satisfying f (
for every x, y from the domain of f ) were obtained in [1] , where the following two results were proved. That is why the question of subadditive functions upper bounded on non-nullfinite sets seems to be the more interesting.
Finally, we show that for every function f : X → R defined on an Abelian topological group X the upper boundedness on a non-null-finite set generalizes the property WNT proposed by N.H. Bingham and A.J. Ostaszewski in [3] .
Main results
First, let us recall some basic properties of subadditive functions. 
Now, we can prove the main result.
Theorem 2.2. Let X be an Abelian metric group and f : X → R be a subadditive function. If f is upper bounded on a set T ⊂ X whose k-fold sum T +k is not null-finite for some k ∈ N, then f is locally bounded at each point of X.
Proof. Suppose that f is not locally bounded at a point x 0 ∈ X. It means that there exists a sequence (x n ) n∈N such that x n → x 0 and |f (x n )| → ∞. Then there exists either a subsequence (x ′ n ) n∈N of (x n ) n∈N such that f (x ′ n ) > n for each n ∈ N or a subsequence (x ′′ n ) n∈N of (x n ) n∈N such that f (x ′′ n ) < −n for each n ∈ N. In the first case, let y n := x ′ n for n ∈ N and y 0 := x 0 . In the second case, put y n := −x ′′ n for n ∈ N and y 0 := −x 0 . By Lemma 2.1, f (−x ′′ n ) ≥ −f (x ′′ n ) > n for each n ∈ N so, in both cases, there exists a sequence y n → y 0 such that f (y n ) > n for n ∈ N. Since y n − y 0 → θ and T +k ⊂ X is not null-finite, there exists z 0 ∈ X such that the set N 0 := {n ∈ N : z 0 + y n − y 0 ∈ T +k } is infinite. Moreover, by an assumption, there exists a constant M ∈ R such that f (x 1 + . . .
+k . Then, according to Lemma 2.1,
for each n ∈ N 0 , what contradicts the infinity of the set N 0 . Now, we would like to present some important applications of the above Theorem 2.2.
Since each nonempty open set is not null-finite, we obtain the following generalization of Theorem 1.1.
Corollary 2.3. If X is an Abelian metric group and f : X → R is a subadditive function locally upper bounded at a point, then f is locally bounded at each point of X.
By Theorem 1.4, in an Abelian complete metric group each universally Baire non-Haar-meager set, as well as each universally measurable non-Haar-null set, is not null-finite. Thus we get the next result generalizing to some extent Theorem 1.2. Definition 3.1. Let f : X → R be defined on an Abelian metric group 4) and
It is very easy to observe the following fact.
Lemma 3.2.
A function f : X → R defined on an Abelian metric group X is WNT if and only if for every sequence (u n ) n∈N convergent to θ in X there exist k ∈ N, an infinite set M ⊂ N and t ∈ X such that {t + u n : n ∈ M } ⊂ H k . Now, we show that for each function f : X → R defined on an Abelian metric group upper boundedness on a non-null-finite set is equivalent to the notion WNT. More precisely, the following fact holds. Proof. (i) First, assume that f is a WNT-function. Then, for every sequence (u n ) n∈N tending to θ in X there exist k ∈ N, an infinite set M ⊂ N and t ∈ X such that {t + u n : n ∈ M } ⊂ H k . Consequently, for each sequence u n → θ, {n ∈ N : t + u n ∈ H k } is infinite for some t ∈ X and k ∈ N, so H k is not null-finite and f (H k ) ⊂ (−k, k). Now, assume that for some non-null-finite set D ⊂ X there exists k ∈ N such that f (D) ⊂ (−k, k). Since D is not null-finite, for each sequence (x n ) n∈N tending to θ in X there are x 0 ∈ X and an infinite set N 0 ⊂ N such that f (x n +x 0 ) ∈ f (D) ⊂ (−k, k) for each n ∈ N 0 . Consequently, for each sequence (x n ) n∈N convergent to θ there are k ∈ N, x 0 ∈ X and an infinite set N 0 ⊂ N such that
(ii) For an indirect proof suppose that f is not a WNT-function. Then, there exists a sequence (u n ) n∈N convergent to θ in X such that {t + u n : n ∈ M } ⊂ H k for every k ∈ N, t ∈ X and infinite set M ⊂ N. Hence, for every k ∈ N and t ∈ X, there is a subsequence (u
what means that f is not locally bounded at each t ∈ X. It contradicts the assumption.
Let us observe that the converse implication to (ii) in Proposition 3.3 does not hold. Next, define a function f : R → R by the following formula:
where [x] denotes the integer part of x ∈ R. Clearly, f is not locally bounded at every point of R. Moreover, by Theorem 1.4, the set R \ Q is not null-finite (as the set of positive Lebesgue measure) and f (R \ Q) = {0}. Thus, according to Proposition 3.3 (i), f is a WNT-function.
Notice also that there exists a function f : R → R upper bounded on a nonnull-finite set in R which is not a WNT-function.
Example 3.5. Let f : R → R be given by f (x) := −|g(x)| for x ∈ R with a non-continuous additive function g : R → R. Clearly then f is upper bounded on R, but is not a WNT-function. Indeed, if f was a WNT-function, then, in view of Proposition 3.3 (i), f and thus g would be bounded on a non-null-finite set in R. But g is discontinuous, what contradicts Theorem 1.6.
From Proposition 3.3 (i) and Example 3.5 we see that each WNT-function has to be upper bounded on a non-null-finite set, but the converse implication needn't hold. Consequently, Theorem 2.2 generalizes the following result obtained in [3] . However, by Theorem 2.2 and Proposition 3.3 (ii), we derive that in the class of subadditive functions the upper boundedness on a non-null-finite set is equivalent to the property WNT.
